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(Hofmann and Nagaraja $[\mathrm{H}\mathrm{o}\mathrm{N}03]\}$
Yamamoto and Akahira [YAk04] $)$ .
, 3 , $[\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{B}\mathrm{a}\mathrm{N}98]$ , [TF88] , ,
. 4 , 3 ,
, 104 ,
. , 5.1 , [YAk04] ,
( ) , , ( ) Kullback-Leibler
. , 5.2 , [YAk04]




, $X_{1},$ $\cdots,$ $X_{n}$ (probability density
function p.d.f.) $f(x, \theta)$ , (cumulative distribution function
c.d.f.) $F(x, \theta)$ . , $\theta\in\Theta$ , $\Theta$ $R^{1}$ .
(upper record time) $T_{m}$ , (upper record value) R
$T_{1}:=1,$ $T_{m}:= \min\{j|j>T_{m-1},X_{j}>X_{T_{m}-1}\}$ $(m=2, \cdots, n)$ ,
$R_{m}:=X_{T_{m}}(m=1, \cdots n)\}$
. , (lower) ,
$T_{1}:=1,$ $T_{m}:= \min\{j|j>T_{m-1}, X_{j}<X_{T_{m}-1}\}$ $(m=2, \cdots , n)$ ,
$R_{m}:=X_{T_{m}}(m=1, \cdots, n)$
. , $X_{1},$ $\cdots,$ $X_{n}$ ( ) $N_{n}$ . , $X_{1}$
, $N_{1}=1$ .
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2, $\theta_{1},$ $\theta_{2}\in\Theta$ , $f(\cdot, \theta_{2})$ $f(\cdot, \theta_{1})$ , Kullback-Leibler
(K-L)
$I( \theta_{1} : \theta_{2}).:=[_{-\infty}^{\infty}1f(x, \theta_{1})\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}dx$
. , $0/0=1$ , Olog $0=0$ , alog(a/0) $=\infty(a>0)$ .
K-L , $f(\cdot, \theta_{1})$ $f(\cdot\}\theta_{2})$ , p.d.f. $f(x, \theta_{1})$
, p.d.f. $f(x, \theta_{2})$
. , $I(\theta_{1} : \theta_{2})\geq 0$ ,
$f(x, \theta_{1})=f(x, \theta_{2})a.e$. . , $I(\theta_{1} : \theta_{2})\neq I(\theta_{2} : \theta_{1})$ ,
, $I(\cdot$ : $)$ .
3
, $[\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{B}\mathrm{a}\mathrm{N}98]$ , [TF88] , $N_{n}$ ,
. , , $T_{m}$ .
3.1
, , $I_{n}$
$I_{1}:=1,$ $I_{n}=I[X_{n}> \max\{X_{1}, \cdots, X_{n-1}\}]$
. , 1 $[$ . $]$ . , ,
$I_{1}.--1,$ $I_{n}=I[X_{n}< \min\{X_{1}, \cdots, X_{n-1}\}]$
. , $X_{n}$ , $I_{n}=1$ .
, $I_{1},$ $\cdots,$ $I_{n}$ , , $1=j_{1}<f2<\cdots<j_{m}(m\in N)$
, $j_{1},j_{2},$ $\cdots$ ,j .
, , $X_{i}$ $U(0,1)$ . ,
, $m=1$
$P(I_{j_{1}}=1)=P(I_{1}=1)=1= \frac{1}{j_{1}}$ (3.1)
. , $m\geq 2$ ,
$P(I_{j_{1}}=1, I_{j_{2}}=1, \cdots, I_{j_{m}}=1)$
$= \int_{0<x_{1}<x_{2}<}\cdot\cdot..\cdot.\oint_{<x_{m}<1}P(I_{j_{1}}=1, I_{j_{2}}=1, \cdots)I_{j_{m}}=1|X_{j_{1}}=x_{1},$
$\cdots,$ $X_{j_{m}}=x_{m})dx_{1}\cdots dx_{m}$
$= \oint_{0<x_{1}<x_{2}<}\cdot\cdot..\cdot.\oint_{<x_{m}<1}x_{2}^{j_{2}-2}x_{3}^{j_{3}-j_{2}-1}\cdots x_{m}^{j_{m}-j_{m-1}}-1dx_{1}\cdots dx_{m}$
$= \frac{1}{j_{1}}\frac{1}{j_{2}}\frac{1}{j_{3}}$ . . . $\frac{1}{j_{m}}$ (3.2)





, $\mathrm{m}=2$ , (3.2) .
(ii) $m=k-1$ , (3.2) . , $m=k$ ,
$x_{i}’=x_{i}/x_{k}(i=1, \cdots, k-1)$
$\int_{0<x_{1}<x_{2}<}\cdot\cdot..\cdot.\oint_{<x_{k}<1}x_{2}^{j_{2}-2}x_{3}^{j_{3^{--}}j_{2}-1}\cdots x_{k}^{j_{k}-j_{k-1}-1}dx_{1}\cdots dx_{k}$
$= \int_{0}^{1}$ $I\cdots I$ $(x_{k}x_{2}’)^{j_{2}-2}(x_{k}x_{3}’)^{j_{3}-j_{2}-1}\cdots(x_{k}x_{k-1}’)^{j_{k-1}-j_{k-2}-1}$
$0<x_{1}’<x_{2}’<\cdots<x_{k-1}’<1$
$x_{k}^{j_{k}-j_{k-1}-1}x_{k}^{k-1}dx_{1}’\cdots dx_{k-1}’.dx_{k}$
$= \int_{0<x_{1}^{/}<x_{2}’<\cdot\cdot<}\cdot.\cdot\cdot\int_{x_{k-1}’<1}x_{2}’x_{3}’j_{2}-2j_{3}-j_{2}-1\ldots x_{k-1}^{\prime j_{k-1}-j_{k-2}-1}dx_{1}’\cdots dx_{k-1}’I_{0}^{1}x_{k}^{j_{k}-1}dx_{k}$
$= \frac{1}{j_{1}}\frac{1}{j_{2}}\frac{1}{j_{3}}$ . . . $\frac{1}{j_{m-1}}\frac{1}{j_{m}}$
, $m=k$ (3.2) . , (i), (ii) $m\geq 2$
(3.2) .
, (3.1), (3.2) , $I_{j_{1)}}\cdots,$ $I_{j_{m}}$ , $I_{j}$





$P(I_{j_{1}}=1, I_{j_{2}}=1, \cdots, I_{j_{m}}=1)$
$= \int_{0<x_{m}<\cdot<x_{2}}..\cdots\oint_{<x_{1}<1}(1-x_{2})^{j_{2}-2}(1-x_{3})^{j_{3}-j_{2}-1}\cdots(1-x_{m})^{j_{m}-j_{m-1}-1}dx_{1}\cdots dx_{m}$
$= \frac{1}{j_{1}}\frac{1}{j_{2}}\frac{1}{j_{3}}$ . . . $\frac{1}{Jm}-$ (3.5)
4, (3.4), (3.5) , $I_{j_{1}},$ $\cdots,$ $I_{j_{m}}$
$^{\mathrm{a}}$ ,
$\ovalbox{\tt\small REJECT}$ (3.3) $\mathrm{B}\mathrm{e}\mathrm{r}(1/j)$ . , $\text{ }I_{j}$ ,
$E(I_{j})=P(I_{j}=1)= \frac{1}{j}$ (3.6)
$V(I_{j})= \frac{1}{j}-(\frac{1}{j})^{2}=\frac{j-1}{j^{2}}$ (3.7)
. , $N_{n}$ $I_{j}(j=1, \cdots, n)$
$\ovalbox{\tt\small REJECT}=\sum_{j=1}^{n}I_{j}$















$(k=1, \cdots, n ; n=2,3, \cdots)$
. ,
$f_{N_{n}}(0)=f_{N_{n}}(n+1)=0$ $(n=1,2, \cdots)$
. , $N_{n}$ (3.10) ([TF88]).
5, (3.10) , (probability generating function p.g.f.)





. (3.11), (3.12) ,
$\prod_{k=1}^{n}(s+k-1)=s(s+1)\cdots(s+n-1)=\sum_{k=1}^{n}S_{n}^{k}\cdot s^{k}$
1 $S_{n}^{k}$
$P\{N_{n}=k\}=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$of $s^{k}$ in $\frac{1}{n!}\prod_{j=1}^{n}(s+j-1)$
$= \frac{S_{n}^{k}}{n!}$ (3.13)
$([\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{B}\mathrm{a}\mathrm{N}98])$ . $(3.10),$ $(3.13)$ , $N_{n}$ $\theta$
, $N_{n}$ .
3.2
$n$ , $N_{n}$ . , $N_{n}$ (3.8),
(3.9) , $n$ ,
$E(N_{n})\approx\log n+\gamma=:m_{n)}$
$V(N_{r\iota}) \approx\log n+\gamma-\frac{\pi^{2}}{6}=:s_{n}^{2}$ (3.14)
. , $\gamma$ ,
$\gamma=\lim_{narrow\infty}\{1+\frac{1}{2}+\cdots+\frac{1}{n}-\log n\}=0.5772\cdots$
. , , $n$ 1000 75
.
, $N_{n}$ , , $I_{1},$ $\cdots,$ $I_{n}$
, ( [Ni78]).
631 $X_{1},$ $X_{2},$ $\cdots,X_{n},$ $\cdots$ $:l\mathrm{f}\mathrm{i};Z\mathrm{a}$ $X_{j}$ $\mu j$ ,
$\sigma_{j}^{2}$







, $(j=1, \cdots, n)$ $N_{n}= \sum_{j=1j}^{n}.I$ . ,
$\delta=1$
, (3.14)
$\frac{\sum_{j=1}^{n}E\ovalbox{\tt\small REJECT}|I_{j}-\frac{1}{j}|^{3}\ovalbox{\tt\small REJECT}}{s_{n}^{3}}=\frac{\sum_{j=1}^{n}E\ovalbox{\tt\small REJECT}|I_{j}-\frac{1}{j}|^{3}\ovalbox{\tt\small REJECT}}{\backslash ^{s_{n}^{2})^{3/2}}f}$
$\sum_{j=1}^{n}E[|_{1}I_{j}|^{3}]$
$\leq\overline{(s_{n}^{2})^{3/2}}$
$=O( \frac{1}{(\log n)^{1/2}})arrow 0$ $(narrow\infty,\mathrm{I}$
, (3.15) , 3.1 ,
$\frac{N_{n}-E(N_{n})}{\sqrt{V(N_{n})}}=\frac{N_{n}-m_{n}}{\sqrt{s_{n}^{2}}}\underline{L}Z$
$(narrow\infty)$
. , $Z$ $N(0,1)$ . , $N_{n}$
$N(m_{n}, s_{n}^{2})$ .
, $N_{n}$ , , 5% 3.1,
32 . , $n$ 20 . ,
100\mbox{\boldmath $\alpha$}% , $P${ $N_{n}\geq$ } $\leq\alpha$ ,
100\mbox{\boldmath $\alpha$}% , , u $N(0,1)$ $100\alpha\%$ ,
$\tilde{r}_{n}^{*}=\log n+\gamma+u_{\alpha}\sqrt{\log n+\gamma-\frac{\pi^{2}}{6}}+\frac{1}{2}$ (3.16)
. , .
731: $n$ 32 : $n$
$N_{n}$ , $N_{n}$ ,
5% $r_{n}^{*}$ 5% $\tilde{r}_{n}^{*}$
3.3




, $I_{n}$ $N_{n-1}$ ,
$f_{T_{1}}(1)=1$ ,
$f_{T_{m}}(n)=P\{I_{n}=1, N_{n-1}=m-1\}$
$= \frac{1}{n}\cdot f_{N_{n-1}}(m-1)$ $(m=2,3, \cdots)n$ ; $n=2,3,$ $\cdots$ ) (3.17)
, (3.10) . , (3.17) (3.13) 1
$P \{T_{m}=n\}=\frac{1}{n}\frac{S_{n-1}^{m-1}}{(n-1)!}=\frac{S_{n-1}^{m-1}}{n!}$
. , $m$ , $T_{m}$ , $T_{m}$
$E(T_{m})=\infty$ .
, $T:=(T_{1}, \cdots, T_{m})$ p.m.f. $f_{T}(t)$ , $1=n_{1}<n_{2}<\cdots<$
$n_{m}(rr\iota\in N)$
$f_{T}(t)$ $:=P\{T_{1}=n_{1}, T_{2}=n_{2}, \cdots,T_{m}=n_{m}\}$
$=P\{I_{n_{1}}=1, I_{2}=0, \cdots, I_{n_{2}-1}=0, I_{n_{2}}=1, \cdot\vee\cdot, I_{n_{m}}=1\}$
$= \frac{1}{(n_{2}-1)(n_{3}-1)\cdots(n_{m}-1)n_{m}}$ (3.18)
8. , $t:=(n_{1}, \cdots, n_{m})$ . , (3.18) $T$ $N_{n}$




. , 1901 2004
104 ,
.
, $n=104$ N p.m.f. $f_{N_{n}}(k)$ , (3.10) 4.1
, 4.1 . , (3.8)
$E(N_{n})=5.226$ , (3.14) 5222 , 2
.
4.1 : $N_{n}$ p.m.f. $f_{N_{n}}(k)(n=104)$
4.1 : $N_{104}$ p.m.f. $f_{N_{104}}$ ( )
(i)
42 , 4





, $n=104$ $N_{n}$ 10% 4.1 2 , ,
10%
$\log n+\gamma-u_{\alpha}\sqrt{\log n+\gamma-\frac{\pi^{2}}{6}}-\frac{1}{2}$
, 2298 . , $N_{104}=4>2$ ( 2298) , $H$
, 104
. , 5% 1( 1611) .
4.2 : (1901 $\sim 2004$ )
(ii)
43 ,





43: (1901 $\sim 2004$ )
10
, $n=104$ $N_{n}$ 10% 4.1 8 , ,
10% (3.16) 8.145 . , $N_{104}=10>8$ ( 8.145)
, $H$ , 104
.
, 005 , 5% 9( 8833)
.







, 2 [YAk04] , $\theta_{2}$ $\theta_{1}$
, K-L . ,
.
(i) $I_{RT}^{U}(n, \theta_{1}, \theta_{2})$ : $n$ $R:=(R_{1}, \cdots, R_{N_{n}})$
$T:=(T_{1}, \cdots, T_{N_{n}})$ $(R, T)$ K-L
(ii) $I_{R}^{U}(n, \theta_{1}, \theta_{2})$ : $n$ $R$ K-L
(iii) $I_{M}^{U}(n, \theta_{1}, \theta_{2})$ : $n$ ( )
K-L
, , $I_{RT}^{L}(n, \theta_{1}, \theta_{2}),$ $I_{R}^{L}(n, \theta_{1}, \theta_{2}),$ $I_{M}^{L}(n, \theta_{1}, \theta_{2})$
.
51 $X:=(X_{1}, \cdots, X_{n})$ K-L $I_{\mathrm{X}}(\theta_{1}, \theta_{2})$ , $I_{X}-I_{RT}^{U}(n)$
$(R, T)$ . , $(R, T)$ $X$ ,
( ) . $I_{R}^{U}(n)$ , $I_{M}^{U}(n),$ $I_{RT}^{L}(n),$ $I_{R}^{L}(n),$ $I_{M}^{L}(n)$
.
5.1 Kullback-Leibler
, $X_{1},$ $\cdots,$ $X_{n}$ p.d.f. $f(x, \theta))$ c.d.f. $F(x, \theta)$
, , $R_{m}$ 13i , $R_{m}=$
$\max_{1\leq i\leq 1}X_{i}=:X(n)$ , p.d.f. ,
$f_{R_{m}}(x, \theta)=nF^{n-1}(x, \theta)f(x, \theta)$
11
. 2 K-L $\not\equiv \mathrm{R}$ , K-L ,
$I_{M}^{U}(n; \theta_{1}, \theta_{2})=\int_{-\infty}^{\infty}\{\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}+(n-1)\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}nF^{n-1}(x, \theta_{1})f(x, \theta_{1})dx$ (5. 1)
. K-L , (5.1) $F$ 1–F
.
, $R$, $T$ (joint(j $.$ ) $\mathrm{p}.\mathrm{d}.\mathrm{f}.$ )
$f_{R,T}(r, t, \theta)=P\{X_{T_{1}}=r_{1}\}P\{X_{T_{1}+1}\leq r_{1}\}\cdots$ P{XT2-l\leq rl}P{X $=r_{2}$ }
. $P\{X_{T_{2}+1}\leq r_{2}\}\cdots P\{X_{T_{m}}=r_{m}\}\cdots$ P Tm+l-l $\leq r_{m}$ }
$=f(r_{1)}\theta)\{F(r_{1}, \theta)\}^{t_{2}-t_{1}-1}f(r_{2}, \theta)\{F(r_{2}, \theta)\}^{t_{3}-t_{2}-1}\cdots f(r_{m}, \theta)\{F(r_{m}, \theta)\}^{n-t_{m}}$
$= \prod_{i=1}^{m}f(r_{i}, \theta)\prod_{i=1}^{m}F^{\delta_{i}}(r_{i}, \theta)$ (5.2)
. , $r_{1}<\cdots<r_{m},t_{1}=1<t_{2}<\cdots<t_{m}\leq n,m=1,$ $\cdots,$ $n,$ $\delta_{i}=$
$t_{i+1}-t_{i}-1,t_{m+1}=n+1$ . , $(R, T)$
$\theta$ K-L ,
$I_{RT}^{U}(n; \theta_{1}, \theta_{2})=E_{\theta_{1}}\ovalbox{\tt\small REJECT}\log\frac{f(R_{7}T,\theta_{1})}{f(R,T,\theta_{2})}\ovalbox{\tt\small REJECT}$
$=E_{\theta_{1}} \ovalbox{\tt\small REJECT}\sum_{i=1}^{N_{n}}\log\frac{f(R_{i},\theta_{1})}{f(R_{\overline{l}},\theta_{2})}\ovalbox{\tt\small REJECT}+E_{\theta_{1}}[\sum_{i=1}^{N_{n}}\Delta_{i}\log\frac{F(R_{i},\theta_{1})}{F(R_{i)}\theta_{2})}]$
$=:E_{1}+E_{2}$ (5.3)
. , $\triangle_{i}=T_{i+1}-T_{i}-1,$ $T_{m+1}=n+1$ . ,
$E_{1}= \sum_{m=1}^{n}E_{1}(m)$
, $m=1,$ $\cdots$ ? $n$ ,
$E_{1}(m)= \oint\cdots\oint_{r_{1}<\cdots<r_{m}}\sum_{\delta(m)\in\Delta(m)}\{\sum_{i=1}^{m}\log\frac{f(r_{i},\theta_{1})}{f(r_{i},\theta_{2})}\}\prod_{j=1}^{m}f(r_{j}, \theta_{1})\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})dr_{1}\cdots dr_{rn}$
. $_{\vec{-}}$ , $\delta(m):=(\delta_{1}, \cdots, \delta_{m}),$ $\triangle(m):=\{(\delta_{1}, \cdots, \delta_{m})|\sum_{i=1}^{m}\delta_{i}=n-m,$ $\delta_{1},$ $\cdots,$ $\delta_{\tau n}$ :
} . , $E_{1}(m)$ ,
$E_{1}(m)= \int\cdots\int_{r_{1}<\cdots<r_{m}}\{\sum_{i=1}^{m}\log\frac{f(r_{i},\theta_{1})}{f(r_{i},\theta_{2})}\}\prod_{j=1}^{m}f(r_{j}, \theta_{1})\sum_{\delta(m)\in\Delta(m)}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})dr_{1}\cdots dr_{m}$
. , $s$ ,




$=1+\{F(r_{1}, \theta_{1})+\cdots+F(r_{m}, \theta_{1})\}s+\{F^{2}(r_{1}, \theta_{1})+F(r_{1}, \theta_{1})F(r_{2}, \theta_{1})$
$+\cdots+F(r_{m-1}, \theta_{1})F(r_{m}, \theta_{1})+F^{2}(r_{m}, \theta_{1})\}s^{2}+\cdots$
$=1+( \sum_{k=1}^{m}F(r_{k}, \theta_{1}))s+\cdots+(\sum_{\delta(m)\in\Delta(m)}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1}))s^{n-m}+\cdots$
,





$= \frac{1}{(m-1)!}(-\frac{1}{s}\log(1-s))^{m-1}l_{-\infty}^{\infty}(\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})})(\sum_{i=0}^{\infty}F^{i}(x, \theta_{1})s^{i})f(x, \theta_{1})dx$
. , 0 $\dot{\text{ }}\infty$ $i$ $s^{n-m}$
. $s$ $(1/s)\log(1-s)$ Taylar
,
$- \frac{1}{s}\log(1-s)=1+\frac{s}{2}+\frac{s^{2}}{3}+\cdots$
, $i$ 0 $n-m$
. ,
$E_{1}(m)= \sum_{i=0}^{n-m}\frac{1}{(m-1)!}\int_{-\infty}^{\infty}(\log\frac{f(X_{\}}\theta_{1})}{f(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$




$= \sum_{i=0}^{\tau\iota-1}\oint_{-\infty}^{\infty}(\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$
. coefficient of $s^{n-i-1}$ il $\sum_{m=1}^{n-i}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
. ,
coefficient of $s^{n-i-1}$ in $\sum_{m=1}^{n-i}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
$=$ coefficient of $s^{n-i-1}$ in $\sum_{m=1}^{\infty}\frac{1}{(m-1)!}(-\log(1-s))^{m-1}$
$=$ coefficient of $s^{n-i-1}$ in $\exp(-\log(1-s))$
$=$ coefficient of $s^{n-i-1}$ in $\frac{1}{1-s}$
$=1$ (5.5)
,




$E_{2}(m)= \int\cdots\int_{r_{1}<\cdots<r_{m}}\sum_{\delta\langle m)\in\Delta(m\}}\{\sum_{i=1}^{m}\delta_{l}-\log\frac{F(r_{i},\theta_{1})}{F(r_{i)}\theta_{2})}\}\prod_{j=1}^{m}f(r_{j}, \theta_{1})\prod_{k=1}^{m}F^{\delta_{k}}(r_{k_{2}}\theta_{1})dr_{1}\cdots dr_{m}$
$= \int\cdots\int_{r_{1}<\cdots<r_{m}}\{\sum_{i=1}^{m}\log\frac{F(r_{i},\theta_{1})}{F(r_{i},\theta_{2})}\}\prod_{\mathrm{i}=1}^{m}f(r_{j}, \theta_{1})\sum_{\delta(m)\in\Delta(m)}\delta_{i}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})dr_{1}\cdots dr_{m}$
. , $s$ # ,
$\sum_{\delta(m)\in\Delta(m)}\delta_{i}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})=\sum_{\delta(m)\in\Delta(m)}\frac{F(r_{i},\theta_{1})}{f(r_{i},\theta_{1})}\frac{\partial}{\partial r_{i}}\prod_{k=1}^{m}F^{\delta_{k}}(r_{k}, \theta_{1})$
$= \frac{F(r_{i},\theta_{1})}{f(r_{i},\theta_{1})}\frac{\partial}{\partial r_{i}}[\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}\ovalbox{\tt\small REJECT}$
$=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}i\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\frac{F(r_{i},\theta_{1})s}{1-F(r_{i},\theta_{1})s}\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}$
14
,
E2 $(m)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in
$I \cdots I_{r_{1}<\cdots<r_{m}}\{\sum_{i=1}^{m}\log\frac{F(r_{i},\theta_{1})}{F(r_{i},\theta_{2})}\}\frac{F(r_{i},\theta_{1})s}{1-F(r_{i},\theta_{1})s}\prod_{j=1}^{m}f(r_{j}, \theta_{1})\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}dr_{1}$
. . . $dr_{m}$
. , ,
$I \cdots I_{r_{1}<\cdots<r_{m}}\{\sum_{i=1}^{m}\log\frac{F(r_{i},\theta_{1}\cdot)}{F(r_{i},\theta_{2})}\}\frac{F(r_{i},\theta_{1})s}{1-F(r_{i},\theta_{1})s}\prod_{j=1}^{m}f(r_{j}, \theta_{1})\prod_{k=1}^{m}\frac{1}{1-F(r_{k},\theta_{1})s}.dr_{1}\cdots dr_{m}$








. $\mathrm{i}$ $E_{1}$ 0 $n-m$ ,
$E_{2}(m)= \sum_{i=0}^{n-m}\frac{\mathrm{i}}{(m-1)!}\oint_{-\infty}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$
coefficient of $s^{n-i-1}$ in $(-\log(1-s))^{m-1}$
. ,
$E_{2}= \sum_{m=1}^{n}E_{2}(m)$
$= \sum_{i=0}^{n-1}i\oint_{-\infty}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$




, (5.5) 1 ,
$E_{2}= \sum_{i=0}^{n-1}i\int_{-\varpi}^{\infty}(\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$ (5.8)
. , (5.6) (5.8) ,
$I_{RT}^{U}(n;\theta_{1}, \theta_{2})=E_{1}+E_{2}$
$= \sum_{i=0}^{n-1}\int_{-\infty}^{\infty}\{\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}+i\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}F^{i}(x, \theta_{1})f(x, \theta_{1})dx$ (5.9)
([YAk04]). , K-L $I_{RT}^{L}(n)$ , (5.9)
$F$ 1-F .
52(5.1), (5.9) ,
$I_{RT}^{U}(n; \theta_{1}, \theta_{2})=\sum_{i=0}^{n-1}\frac{1}{\mathrm{i}+1}\int_{-\infty}^{\infty}\{\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})}+\mathrm{i}\log\frac{F(x,\theta_{1})}{F(x,\theta_{2})}\}(\mathrm{i}+1)F^{i}(x, \theta_{1})f(x, \theta_{1})dx$
$= \sum_{i=0}^{7\mathrm{z}-1}\frac{1}{\mathrm{i}+1}I_{M}^{U}(i+1;\theta_{1}, \theta_{2})$
$= \sum_{i=1}^{n}\frac{1}{\mathrm{i}}I_{M}^{U}(\mathrm{i};\theta_{1}, \theta_{2})$ (5.10)
. K-L , (5.10) .
, ( ) K-L , (5.9)
, , ( ) K-L
(5.10) .
$R$ (m.p.d.f) , (5.2) $T$
. , $\delta(m)$ $\triangle(m)$
,
$f_{R}(r)= \prod_{i=1}^{m}f(r_{i}, \theta)\sum_{\delta(n\mathrm{z})\in\Delta(m)}\prod_{i=1}^{m}F^{\delta_{i}}(r_{i}, \theta)$
. , $r_{1}<\cdots<r_{m},$ $m=1,$ $\cdots,$ $n,$ $\delta(m):=(\delta_{1}, \cdots, \delta_{m}),$ $\Delta(m):=\{(\delta_{1}, \cdots, \delta_{m})$
$\sum_{i=1}^{m}\delta_{i}=n-m,$ $\delta_{1},$ $\cdots,$
$\delta_{m}$ : } . , $R$
K-L $I_{R}^{U}(n;\theta_{1}, \theta_{2})$ ,
$I_{R}^{U}(n; \theta_{1}, \theta_{2})=E_{\theta_{1}}[\log\frac{f(R,\theta_{1})}{f(R,\theta_{2})}]$
$=E_{\theta_{1}}\ovalbox{\tt\small REJECT}^{\log\frac{\prod_{i_{-}^{-}1}^{N_{n}}f(R_{i},\theta_{1})\sum_{\delta(m)\in\Delta(m)}\prod_{i_{-}^{-}1}^{N_{n}}F^{\Delta_{i}}(R_{i},\theta_{1})}{\prod_{i=1}^{N_{n}}f(R_{i},\theta_{2})\sum_{\delta(m)\in\Delta\langle m)}\prod_{i=1}^{N_{n}}F^{\Delta_{i}}(R_{i},\theta_{2})}\ovalbox{\tt\small REJECT}}$
$=E_{\theta_{1}} \ovalbox{\tt\small REJECT}\sum_{i=1}^{N_{n}}\log\frac{f(R_{i},\theta_{1})}{f(R_{i)}\theta_{2})}\ovalbox{\tt\small REJECT}+E_{\theta_{1}}\ovalbox{\tt\small REJECT}\log\frac{\sum_{\delta(m)\in\Delta(m)}\prod_{i-1}^{N_{n}}-F^{\Delta_{i}}(B_{i},\theta_{1})}{\sum_{\delta(m)\in\Delta(m)}\prod_{i=1}^{N_{n}}F^{\Delta_{i}}(R_{i},\theta_{2})}]$ (5.11)
16
. , (5.11) 1 (5.3) $E_{1}$ , (5.6)
, 2 $s$ (5.4) ,
$I_{R}^{U}(n_{7}. \theta_{1}, \theta_{2})=E_{1}^{U}+E_{\theta_{1}}\ovalbox{\tt\small REJECT}^{\rceil}\log\frac{A^{U}(R)}{B^{U}(R)}]$ (5.12)
. ,
$E_{1}^{U}= \sum_{\mathrm{i}=0}^{n-1}\oint_{-\infty}^{\infty}(\log\frac{f(x,\theta_{1})}{f(x,\theta_{2})})F^{i}(x, \theta_{1})f(x, \theta_{1})dx$,
$A^{U}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-F(r_{i},\theta_{1})s}$ ,
$B^{U}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-F(r_{i},\theta_{2})s}$




5.1 K-L , [YAk04]
. ,
Weibull , K-L .
Weibull ,
$([\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{B}\mathrm{a}\mathrm{N}98])$ .
, $X_{1},$ $\cdots,$ $X_{n}$ p.d.f.
$f(x, \lambda)=\{$
$\frac{\alpha x^{\alpha-1}}{\lambda^{\alpha}}e^{-(\frac{x}{\lambda})^{\alpha}}$ $(x>0)$ ,
0 $(x\leq 0)$
Weibull $W(\alpha, \lambda)$ . , $\alpha>0,$ $\lambda>0$ 7 $\alpha$
. , $\alpha=1,2,4$ , $\lambda$ Weibull p.d.f.
5.1, 52, 53 , , $\alpha=1$ , $\mathrm{E}\mathrm{x}\mathrm{p}(\lambda)$ ,
$\alpha=2$ Rayleigh ,
17
51:Weibull $W(1, \lambda)$ ( $\mathrm{E}\mathrm{x}\mathrm{p}(\lambda)$ ) p.d.f. $f(x, \alpha, \lambda)$
52:Weibull $W(2, \lambda)$ p.d.f. $f(x, \alpha, \lambda)$





, (5.1) K-L ,
$I_{M}^{L}(n; \lambda_{1}, \lambda_{2})=\int_{0}^{\infty}\{\alpha\log\frac{\lambda_{2}}{\lambda_{1}}+(\frac{1}{\lambda_{2}^{\alpha}}-\frac{1}{\lambda_{1}^{\alpha}})x^{\alpha}+(n-1)(\frac{1}{\lambda_{2}^{\alpha}}-\frac{1}{\lambda_{1}^{\alpha}})x^{\alpha}\}$







. , $\theta:=\lambda_{2}/\lambda_{1}$ . , $\tilde{I}_{RT}^{L}(n;\theta):=I_{RT}^{L}(n\mathrm{i}\lambda_{1}, \lambda_{2})$ ,
(5.10) K-L ,
$\tilde{I}_{RT}^{L}(n;\theta)=\sum_{i=1}^{n}\frac{1}{\mathrm{i}}\tilde{I}_{M}^{L}(\mathrm{i};\theta)=(\alpha\log\theta+\theta^{-\alpha}-1)\sum_{i.=1}^{n}\frac{1}{\mathrm{i}}$
. , K-L ,
$I_{M}^{U}(n; \lambda_{1}, \lambda_{2})=\oint_{0}^{\infty}\{\alpha\log\frac{\lambda_{2}}{\lambda_{1}}+(\frac{1}{\lambda_{2}^{\alpha}}-\frac{1}{\lambda_{1}^{\alpha}})x^{\alpha}$ - $(n-1)$ $\log\frac{1-e^{-(\frac{x}{\lambda_{1}})^{\alpha}}}{1-e^{-(\frac{x}{\lambda_{2}})^{\alpha}}}.\}$
. $n \{1-e^{-(\frac{x}{\lambda_{1}})^{\alpha}}\}^{n-1}\frac{\alpha x^{\alpha-1}}{\lambda_{1}^{\alpha}}e^{-(\frac{x}{\lambda_{1}})^{\alpha}}dx$




-( $1$ ) $\int_{0}^{\infty}\{-\log$ (1–6-( )’)\vdash {1-6-( )
$\circ$
}n-l $\frac{\alpha x^{\alpha-1}}{\lambda_{1}^{\alpha}}e^{-(\frac{x}{\lambda_{1}})^{\alpha}}dx$





. , (5.14) 2, 3, 4 ,











. , $B(\cdot, \cdot)$ . , $\theta=\lambda_{2}/\lambda_{1}$ , $\tilde{I}_{M}^{U}(n;\theta):=$
$I_{M}^{U}(n;\lambda_{1}, \lambda_{2})$
$\tilde{I}_{M}^{U}(n;\theta)=\alpha\log\theta+(\theta^{-\alpha}-1)\sum_{j=1}^{n}\frac{1}{j}-\frac{n-1}{n}+\theta^{-\alpha}(n-1)\sum_{k=1}^{\infty}B(k\theta^{-\alpha}, n+1)$ (5.15)





$(R, T)$ K-L .
, $R$ K-L $\tilde{I}_{R}^{L}(n;\theta).--I_{R}^{L}(n;\lambda_{1}, \lambda_{2}))\tilde{I}_{R}^{U}(n;\theta):=$
$I_{R}^{L^{\gamma}}(n;\lambda_{1_{7}}\lambda_{2})$ ,









$A^{L}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-e^{-(\frac{r_{i}}{\lambda_{1}})_{S}^{\alpha}}}$ ,
$B^{L}(r)=\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s^{n-m}$ in $\prod_{i=1}^{m}\frac{1}{1-e^{-(\frac{r_{i}}{\lambda_{2}})_{S}^{\alpha}}}$ ,









, Weibull $W(\alpha, \lambda)$ , $\alpha=1$ ( , $\mathrm{E}\mathrm{x}\mathrm{p}(\lambda)$ ) ,
p.d.f. $f(\cdot, \lambda_{1})$ $(f(\cdot, \lambda_{2})$
$f(\cdot, \lambda_{1})$ ) K-L $\tilde{I}_{M}^{U}(n;\theta)$ ,
K-L $\tilde{I}_{M}^{L}(n;\theta)$ ( 5.1, 52 ). , $\theta:=\lambda_{2}/\lambda_{1}$
. , $(R, T)$ K-L $\tilde{I}_{RT}^{U}$
$\tilde{I}_{RT}^{L}$ ( 53, 54 ). ,
K-L $\tilde{I}_{R}^{U}$ $\tilde{I}_{R}^{L}$ ( 55, 56
). , $\alpha=2,4$ K-L ( 57-5.12,
5.13-5.18 ).
$\alpha$ , K-L , $n$
, $\lambda_{1}=\lambda_{2}$ $\theta=1$ K-L 0 , $\lambda_{1}$ $\lambda_{2}$
. , K-L
(5.13) $n$ , 52, 58, 514 $n=1$
. , $n=1$ , $X_{1}$
, $\theta$ , . , 33 ,
$T$ , $\alpha$ K-L
K-L ,
, K-L .
, $\alpha=1,2,4$ , , ,
( 5.19-5.24 ). , $\alpha$
K-L , $n$ .
, $\theta$ 1 , 2
. , $\alpha=2$ $\lambda_{2}=1$ , $\lambda_{1}=2$




, $\alpha$ K-L . ( ) ,
, $\alpha$ 1 2, 2 4
, . 5.1-5.3
, $\alpha$ , $\lambda$ $W(x, \lambda)$ p.d.f.
$f(x, \lambda)$ , . , ( )
, , (5.13), (5.15)
, $\alpha=1$ $\theta=0.01$ , 100 $\alpha=2$ $\theta=0.1,10$ , $\alpha=2$
$\theta=0.01,100$ $\alpha=4$ $\theta=0.1,10$ $\llcorner$
$\langle$ . ,
K-L .
, , , $\alpha=2,4$
p.d.f. $f(x, \lambda)$ ( 52, 53 ),
( 5.21, 5.23 ). , $\alpha=1$ , p.d.f. $f(x, \lambda)$ ( 5.1
22
), $\equiv \mathrm{a}\mathrm{D}\text{ }\wedge\backslash r$ $\alpha=2,4$ 5.19 ). , ,
$\theta<1$ $\theta>1$ . , $\alpha=2,4$
$\lambda$ p.d.f. $f(x, \lambda)$ $x=0$ ( 5.2, 5.3),
. ,
$\theta>1$ 2: $\theta<1$ , $\theta<1$ (
$\theta$ ( 5.21, 5.23 ). $\alpha=1$
$\lambda$ p.d.f. $f(x, \lambda)$ $x=0$ ( 5.1 ),








( ) 513-5.18 ( $\theta=0.01$ $(\mathrm{x}10^{8})$ ,











, , , , .
, ,
, , . ,
,
, . , ,
. , K-L , Weibull
$W(\alpha, \lambda)$ ( ) ,
K-L . $\alpha,$ $\lambda$ , $\lambda$
K-L , , Weibull
, . $\alpha=1,2,4$
, K-L , $\alpha$
. , , $\alpha$
$\alpha$ .
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